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ABSTRACT 

A basic conical element subjected to axisymraetric linearly varying 

temperatures on the inner and outer surfaces is solved for internal 

stress and compatible edge loading and deformation, uniqueness of 

the result is proven. 

Descriptors 

Cones 

Thermal Stress 

Elasticity 

Shells 



NOTATION 

T Temperature (degrees Fahrenheit) 

AT N» Temperature difference (  "          ) 

T - Mean temperature (  "          ) 

& - Coordinate distance from apex (in.) 

f3 «B Half opening angle of cone (degrees) 

A,¥,D - Thermal constants (degrees Fahrenheit) 

X - Meridian angle change (dimensionless) 

^ur - Normal displacement (in.) 

WS)^ - Axial stress resultants in meridional 

and circumferential directions (ll>/in.) 

^ H^ - Stress moment resultants in 

meridional and circumferential 

directions (3Jb.in./in) 

©c M Coefficient of thermal expansion (in/iaA) 

V - Poisson's ratio (dimensionless) 

E - Young's modulus (lb./in*) 

b _ Thickness of cone (in.) 

K-- 
Et" 

110-v1 - Bending rigidity (lb.in.) 

^ 

4> 

- Principal radius of curvature in 

circumferential direction 

- Angle between shell normal and 

cone axis 

(in.) 

(degrees) 

2. 



NOTATION 

ij   _ —L_s—7XH-^3  . stress function (li./in.) 

<...v-   £<.••> 
(...■>'-    £(...) 

x    =    Q > X"s - Coordinate transformation 

X* . ^_ ^ß - Parameter 

f" , Gr   H 5 X       - Constants 

L(...i= sc.v + (...y - j (...) 5 XL(...) 5 

c.Y 
X 

C ^ - Constant of integration    i   - ' > • • > Ö 

X  - Horizontal shear (lb./in*) 



SOLUTION SUMMARY 

r AT  =   T0 -T; 

2. 

AS      =    Sx- S, 

Thermal Constants 

A - T^-t1 

As ß = 
— i  —i. 

^T - s,T 
As 

C = 
t A s 

D - 
^AT'-S.AT

1 

t As 

Edge Loads 

X 

Edge deformations 

X a.As /2X <o^u Z3 Mf   - 
ocA 

2- 
sx T*^ P 

Internal Stress resultants 

W ^ «V V^  ^ -ö(l((l + ii)  C TA^ p 

M«  -   A,   -   OL< £ 
( U v) (A K^ (l ± Cs +- o) 



INTRODUCTION 

The solution of thermal stress in an arbitrary thin shell of revolution 

subjected to an axisyrametric temperature distribution specified on the 

inner and outer surfaces of the shell may be solved by the cone coupling 

technique developed in SM-385OO, "Analysis of a Shell by the Truncated 

Cone Approximation" by M. B. Harmon, provided that a rigorous solution 

of an individual conical element is known.! It is the purpose of this 

report to develop such a basic solution for a linear temperature distri- 

bution defined at the edges of a truncated conical element. 

The governing equations are the well-known Beissner-Meissner shell 

equations as extended by Melan and Parkus for thermal loading. These 

consist of a coupled set of second order ordinary linear differential 

equations. Particular integrals are developed by means of the method 

of undetermined coefficients in a polynomial for each dependent variable. 

It is shown that the particular integrals are unique and represent the 

desired basic solution provided that compatible edge shears and moments 

are provided at the edges of the conical frustrum. 

J 



(SEOMETRY 

The notation employed will be that of Fluegge [l] to be consistent with 

previous developments by the author [3], \ßj  • 

C o >t c -mid sorfi fi-C £_ 

X 

Cone Section 



TEMFERATUKE DESCBIFTIOM 

In terms of the normal coordinate z to the shell mid-surface, measured 

positive outward, a Taylor expansion of the temperature, T, above some 

arbitrary stress-free datum would be, 

T = ro CO -A- z.T. U) +- ~■T7is)  +- •-< 

^ere ~ Z ^ Z ^  Z  >      t= she3LL thickness> 

Now since t, « S , one may ignore the higher order terms and write: 

T = T6(s)  -V-TLT^S)       (1) 

This linearization is consistent with the approximations inherent in the 

Love-Kirchhoff formulation of thin shell theory. 

7. 



SHELL EQUATIONS 

The Reissner-Melssner equations in terms of TQ and ^ are    [ll  : 

s^tsi-x = -tx-^-sU -^0^)sxT - (2) 

s^Ü + sU-ü = -~r~  (s(^tpX+ ocs'T^^ - (3) 

Where: 

X- =•  - -:— = Meridian angle change 

Et"5 
X = _b.iL_ = Bending rigidity |T-(l-vv) 

o£  = Coefficient of thermal expansion 

EL  ss Young's modulus 

\J       - Poisson's ratio 

(J   « ^ 6 Q» 1^/3 » Stress function 

Note that this definition of U differs from that of FLuegge by a factor 

of -4- . This unessential modification is due to Melan and Parkus and 
t2 

involves the particular integral only. 

8. 



TEMPERATURE CONSTANTS 

Let the specified temperature dependence upon s be given by the following 

linear expressions: 

T0 =  A s -v B   ^ 

T, - C s +- D   (h) 

The unknown constants, ABCD, may be evaluated from temperatures 

defined at the outer and inner surfaces at points s = s, and s = s«. 

I *  - As, + B + -^ (C s , + 0 )   outer temperature 

5-5, 

5 ^ S^ 

I 4"* 

\ i      - A 5, +■ ß       i ((-£,+- DJ inner temperature 

' o     ~ As1_+Ö +■   -^ (Cs^H- D)        outer temperature 

T ^    ■= A S,_+ B - -^  (^Cs^-t-D)      inner temperature 



These are four equations in four unknowns, 

S,   I 

- s, - I 

s.  I 

s. 

A 
—                                  — 

,    i 

1. 

3 
i 

1 ; 

\c T: 

\o 
_       "  J 

with solutions given by: 

A   = T  - T 
As B   = As 

C   = 
AT  - AT1 

t As 
D  = 5,. AT - i, AT1- 

Us 

where AT   -   T0 - T        =   Temperature difference 

T _   T+T 
2 =   Average temperature 

As   -     S,-S,       =   Slant height 

10. 



GOVERNING EQUATIONS 

Differentiating equations (k), 

T   = A    , T.  =   C 
> ' i 

and substituting these values into the Eeissner-Meiesner equations 

(2),  (3) one obtains, 

sa£ + sx,-)c   = 
4K ^ 

4E 
s'U   +SU-U    =   ~r-   ( s X. <^/b 4- * s1-A ) 

For convenience of manipulation, define the constants. 

f   -        "^d^p 
4^ 

G- - oi 0+v") C \ 

(6) 

4E 4E H -  -^=- <u*(3    I •= -^~OLA t 

11. 



The governing equations become: 

S^X,  +£>C  -}L    -   ~ Y-sU   + & s^  —    (T) 

s'lJ   +SU   -Ü     =     Hs X U 5' (8) 

Ihis system is a set of two ordinary coupled second-order linear non- 

homogeneous differential equations whose complete primitive consists 

of a fundamental set of solutions associated with the homogeneous part 

and a particular integral of the non-homogeneous equations. [6] p. 69. 

HOM0CKKE0UB SOLUTION 

The homogeneous equations are: 

S^X, +SX -X-   =  - FsU         (9) 

s'ü +sü-u    ~    HsX      (10) 

Define the cone operator [2"]  p. 196, 

L(...) =£ S (,.. )" + (...)'- j   (.. ■")  , then 

L(X) - -FU    (ll) 

L(U) - Hi         (12) 

12. 



Successive operations yield, 

LL(X)   - -FL(u)   ---FHX 

i.e. 

LL(x) + FHX   = ö 

Ll(U)   4-FHU   = ö 

4sQs -.   n 
Now U    ~        r^     IUAA.B , so that the second equation may 

be written: 

(13) 

LL UQS) + FH sQs  = o —   (14) 

In order to solve this equation, one may f&ctorize the operator and 

obtain the two equations: 

LUQO ±t)^< ^o        (15) 

where >* - F M =  -^- c^t^        (16) 

13- 



The solution of equations (15) may be obtained in terms of the Kelvin 

function [2*] , ber x, bei x, ker x, kei x and their derivatives 

employing the coordinate transformation, 

OC -  1> ^5    (17) 

* The Thompson functions quoted by Fluegge are the Kelvin function 

since Thompson was also known as Lord Kelvin. 

to give, 

sQ, -  C.flaevx. bei 7c ) + C, ( loe^' x + - be r x ) 

Where C^■.. C^ are constants of integration. 

An identical solution for X may be written down in terms of new 

constants of integration CL . •. Co',  however, the two sets of constants 

are related by equations (ll) and (12) and it is easier to obtain the 

solution of X. directly from these relations. 

Define the fundamental set of solutions by equation (l8), 

A***.    -   K) e \r -X.   - —   k ei ■*. XJ      =   betx -l ■   ber'x. 

It '1 I 
AJ,       -    Kty%   -  -t-     \it,l   ,c AA,      -    \Ct<~ x,  4- —   Ke^ x 

Then the homogeneous solution becomes briefly, 

SQ6   -   C^-   C^ +C^^ C^ x^      -    (19) 

lU. 



Now from equation (12), 

x"fLlu1' Tik-^ *-<•«•> 

Et        ; 

In order to operate on A . .. u.     we must define L_ in terms of x. 

) = ^Y -r   — 
L 

JLS.^ -X-        ^X V   X   <Lx,   ' OC      \       X1- <^X      ^t-  iix.1" 

One obtains the new operator L (, , , ) from, 

L(..'.) - s(...)"4- (,,,y --^ c.,.) 

"5C. x X 

^ where (...)'  «  f- ( , , . ) 
Ä.5C 

The expression for X becomes: 

15. 



Due to the linear property of the operator, one vrites: 

L(0     =   L { ^zric - - \oei'^) - - lotL^-- L€^'% _ u       - _ ^ \oel'-K,) - ~ bei -H - 

—   &e.o 9V. = JA.O   (20)   =r   /A. 

7- / T 

-^■>.)  =      ^t(r^_±    iCdL'pc-^ *   ^ l_(^4)      -    Li^X^--    ^t.'x)   :      \£ 7" 

A Lts«* 

x = Ai^/3 Is^-^,^^^"^     — (21) 

Where one has used the relations   [2]   p. 171 

beJ    x    =     bc/^c bet lv    "X, 

5C 

16. 



PARTICULAR INTEGRAL 

Turning now to the particular integral of (l) (8) and guided by the 

polynomial form of the coefficients, a solution by the method of un- 

determined coefficients is tried. 

X, - C0 + C;s tC i 

(j = 00 + 0, s +- D-Ls
% 

(22) 

C0 C, C  and D0 D D  are not related to previously defined « ~l " z. 

constants. 

Substituting equations (22) into equation (7), one obtains, 

S^UO ■+- sC^ + iqO - (C0 + 6ts +C^^+ Fs   ( D0+D(5 + OxS2'N) 

-Grs      «   ö 

Equating coefficients of s, 

(o) 

(M 

- C0 -  o 

C(-C, fFD0 = o 

(sL)     ic,facu-ctt FD,-G o 

(S3) F DL  -  o 

C0- o 

i\ =  O 

17- 



Substituting equations (22) into equation (8) 

5  = O 

Equating coefficients of x, 

(<0 0=o 

U).   D,-D,-HC0=o 

U").  a D-^ID - D^-HC^-I - o 

to -WC^ o 

Do^ o 

C0 - o 

3 01-HCl-T = o 

C^ ° 

The final solution is: 

Ca   = C. - DA x D = O 

",-* 

4^ot (i+v) C 

t1^ P 
C = - OL \ Tä^ ß 

TC ■= c s   --ö/As r^vo ^ (23) 

u - 4s Q„ L^-vv A D s = 4 k^U-v-v) c 

Q  ^ oi < U + v) C <2»0 

18. 



One may now write the complete primitives of (?) and (8) 

. V+.  L-. 

X -  ^^rP.lc>^r^ C^*o ^7+c4ua)-oiAs2^ya,  ~
(25) 

Et ' '  ' r  ^ " 3 

$QS  = C^i + C.^-t-C^-t- GtA^ -v-^VCs (i+O C  -(26) 

Consider now a cone closed at the apex and extending to infinity at 

the open end. 

When the shell is closed at the apex, one obtains the boundary conditions 

C3 - C4 - o  [2^ p. 198, while C., and CU are associated with stresses 

which are non-zero only in a neighborhood of the bottom edge, i.e. in a 

neighborhood of infinity. 

One concludes that for values of s defined in the open interval 

O < 5    <     =<=> 

The solutions are: 

~)L ~   - ol A £ t*^ & 

(27) 

19- 



UNIQUENESS 

It follows, moreover, that these particular integrals are unique. 

The proof is comparatively simple. 

I. The complete primitives are unique since the coefficients in the 

differential equations (7) and (8) are analytic [6] $.k8 and 69. 

II. 
The form of two primitives with different particular integrals 4, «"^ 

4>^ would be: 

Where <$" and (5 are the homogeneous solutions, 

How since     <±) -^, o      (h  ^ o      while 

(SQ)  r (_S Q) in the interval    0 < 5 < oö 
1 X-      * 

one obtains necessarily, 

4>, =  <t>. 

20. 



STRESSES AHD DISPLA.CEMEHTS 

JVom (X)    one may now compute the remaining forces and displacements. 

^ = - Q4 t^v A   --oi.\cO*\/)c ^~~ £ —    (28) 

l°fr   ^HS(V) ,&^,A    ^-oUcU^C&^A •=■  +NJ&      ~(29) 

H^   ■= -\c [x +■ | >c -oiu + v) T, 1 

K [-U + vjM^ö, - o^i-^KCs-i-ü)] 

Hs    =   OL K^U^) [At^Ä +Cs + D^ (30) 

% 
M^ sr -ic t -j- + vx, - oici+v) r, "] 

=:    -K    L"^+V) JA ^(^   -   ^(,1+^)   (Cs+D)" 

h e- -   ot\c {\+\>) [At^A -vCs + D']    =    H —    (31) 

AT  -   - (  Xdi     -  - (-4A Ä^vv $  •  £  <t & f2 

2- ( 
(32) 

21. 
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MT      iß positive in the direction of     ~z~ 

X-       is positive when the rotation is as 

shown in the sketch. 

(_ p öiii"i>/ -c / 

xCf OS I \\\\}<- } 

22. 



CORICAL FRUSTEUM 

If a conical frustrum "free body" is isolated from the infinitely long 

cone and loaded by reactive edge loads of magnitude, 

Q  - „l K li + Oc 

at the top and bottom edges, and having edge deformations given by, 

->c = - oj A 5 ;£uvu /3 

/(AT   —     6   ZÄ-*t» A 

it is clear that the solution presented in this report will satisfy 

these loading and edge conditions and will consequently represent the 

required basic conical element required for incorporation in an extended 

version of SM-385OO. 

23. 



One small detail iß to be observed in such a formulation.   Edge loads 

in SM-385OO are input as a line load perpendicular to the axis of 

rotation.    The relation between such an edge load and Nfi, Qg is shown 

below. 

Q,= <\<U + ^)C 

K   - 
od<(l + v,l C 

d^ t3 (33) 

2k. 



REFERENCES 

(1) Melon and Parkus,; "Waermespanrauagen" Springer - Verlag, Wien 1953» 

(2) Fluegge, ¥.; "Statik und Dynamik der Schalen", 2nd Edition, Springer- 
Verlag, Berlin/Qoettingen/Heidelberg, 195T• 

(3) Meyer, R. R. and Harmon, M. B.; "A Conical Segment Method for 
Analyzing Open Crown Sheila of Revolution for Edge Loading", 
Douglas Aircraft Company, Engineering Paper 1310, published in 
AIAA Journal, April I963. 

(K)   Harmon, M. B.; "Analysis of a Shell by the Truncated Cone 
Approximation", SM-3850O, April 11, 1961. 

(5) Meyer, R. R.; "Influence Coefficients for Edge Loading of Cones", 
SM-35653, April 20, 1959. 

(6) Kamke, E.; "Differentialgleichungen", 3rd Edition, 19^> Chelsea. 

25 


